Abstract. Phytoplankton growing at the surface of lakes and oceans are removed from the water column by gravitational sedimentation and/or zooplankton grazing. Both of these processes are influenced by the aggregation state of the phytoplankton, which, in turn, may be altered through particle-particle coagulation. In this study, we present a mathematical analysis of these phenomena in an attempt to better understand the physical and biological factors that control phytoplankton concentrations in aquatic systems. During phytoplankton blooms, grazer concentrations are relatively low, the concentration of phytoplankton in the mixed layer is high, and phytoplankton production at the surface is countered by coagulation and sedimentation. 
Introduction
On a global scale, phytoplankton are responsible for fixing -40 x 109 t of carbon per year, which is 40% of Earth's total primary production [Falkowski, 1994] . The fate of these organisms ultimately determines the fate of the carbon which they fix. Phytoplankton may aggregate with other phytoplankton, or detritus, and settle under the influence of gravity JAildredge and Jackson, 1995] . The flux of these aggregates through the water column controls transport of carbon from the surface layers to the benthos, where the carbon may be remineralized, incorporated into sediments, or consumed by benthic organisms [Billerr et al., 1983; Smetacak, 1985] . Alternatively, phytoplankton may be consumed by herbivorous grazers and enter the pelagic food web. In this case, the carbon and nutrients contained in the phytoplankton are passed on to highertrophic levels. There are many different processes that regulate the concentration of phytoplankton in natural aquatic systems, including growth conditions (light and nutrients) [Raymont, 1963a] , zooplankton grazing [Banse, 1992] , transport phenomena (ocean currents, wave action, upwelling, and gravitational sedimentation) [Weilenmann et al., 1989] , and physicochemical phenomena (coagulation and uptake of trace metals) [Burd and Jackson, 1997; Fowler and Knauer, 1986] . These processes have an unequal impact on the fate of phytoplankton in different systems. For example, during the initial phase of a phytoplankton bloom, coagulation and gravitational sedimentaCopyright 1998 by the American Geophysical Union.
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0148-0227/98/98JC-01307509.00 tion appear to control phytoplankton concentrations, while grazing is less important [Bttrd and .lacksott, 1997] . During the well-stratified periods of summer, however, phytoplankton growth in the open ocean is nearly completely balanced by grazing [Banse, 1992] . The goal of this paper is to develop a theoretical framework for understanding how coagulation, gravitational sedimentation, and grazing by zooplankton control the vertical distribution of phytoplankton in natural aquatic systems. We accomplish this by solving the gcncral dynamic equation (GDE) that tiescribes these phenomena for a special case where the distribution of phytoplankton bclow the mixed layer achieves a steady state. Our results are interpreted in the context of dynamic scaling theory for the coagulation and sedimentation of particles.
Model Development
Consider the water column illustrated in Figure 1 . At the surface there is a mixed layer in which most of the primary production takes place [Falkowski, 1994] . The depth of the mixed layer varies from a few meters to a few hundred meters [Falkowski, 1994] . In this paper, we focus on the region below the mixed layer for the following reasons: (1) The mixed layer has been the subject of numerous theoretical investigations [Ackleh and Fitzpatrick, 1997; Burd and Jackson, 1997; Jackson and Lochmann, 1992], while the region below the mixed layer has received less attention, and (2) our results indicate that the manner in which the aggregate size distribution evolves with depth below the mixed layer may provide fundamental information regarding the physical, chemical, and biological processes that control phytoplankton levels there. For simplicity, Figure 1 . The physical system analyzed in this study. Single phytoplankton leave the mixed layer at a constant rate, entering the water column where they may coagulate, settle under the influence of gravity, or be grazed upon by zooplankton. Exponential and unimodal vertical zooplankton distributions may be representative of nighttime and daytime conditions, respectively.
we assume that single phytoplankton particles settle out of the mixed layer at a continuous rate. Once they enter the region below the mixed layer, they coagulate with other phytoplankton, settle under the influence of gravity, and are consumed by grazers. Although our analysis is premised on the assumption that the phytoplankton leaving the mixed layer are not aggregated, the results we present later in the paper suggest that this assumption is not as restrictive as it first appears.
The GDE for phytoplankton undergoing coagulation, grazing, and gravitational sedimentation in one dimension may be represented as follows (see notations for definition of symbols): dnj(z, t) 1 • dt = 5 K,,j_,n,(z, t)n,_,(z, t) t=l --E gt,jFli(Z' t)FIj(Z, t) --R s --Rg t=l The particle distribution function, ns(z, t), represents the fluid concentration of phytoplankton aggregates composed of j primary particles (j-mers); Ki, s is the rate constant for coagulation between i-mers and j-mers; and R s and R a are the sedimentation and grazing removal terms, respectively. In this equation, the temporal change in the concentration of j-mers (term on left-hand side) depends on their formation by coagulation of particles of size i and j -i (first term on right-hand side), loss by coagulation with all other sized aggregates (second term on right-hand side), removal from the fluid phase by gravitational sedimentation (third term on right-hand side), and grazing by zooplankton (last term on right-hand side). Our goal is to derive from this GDE mathematical expressions for the phytoplankton aggregate size distribution, n s , the concentration of total phytoplankton aggregates, No = Z• n s, and the volume fraction of phytoplankton which is proportional to N• = • jn s. In sections 2.1, 2.2, and 2.3 we develop mathematical expressions for Ki,j, Rs, and R a.
Coagulation Kernel
The coagulation kernel K,, s appearing in (1) represents the rate constant for the coagulation between i-mers with j-mers. Its magnitude reflects the transport processes that bring aggregates into proximity and the physical and surface-chemical interactions that occur between aggregates upon close approach. To account for these processes mathematically, the coagulation kernel is often expressed as the product of a collision frequency function/3i, s and an attachment efficiency a/,s:
where /3i,s represents the collision frequency between i-mers and j-mers under one or more transport mechanisms and ai,s represents the fraction of these collisions that result in aggregation. Commonly employed collision frequency functions are listed in Table 1 . Kernels may also be described in terms of more general mathematical properties. For example, van Dongert and Ernst [1985] (hereafter referred to as VDE) classify kernels on the basis of two parameters, A and/•, 
A number of researchers have studied the relationship between the size of a food particle and the rate it is cleared from suspension by zooplankton, ½ [e.g., Frost, 1972 Landry [1990] used a "force-balance model" to theoretically examine this relationship for passive feeding microzooplankton, like zooflagellates, and determined that the clearance rate of a grazer on a particle increases with the particle's radius: ½t oc radius. Because phytoplankton aggregates are fractal in nature [Logan and Wilkinson, 1990 ], we adopted the hydrodynamic radius to relate the clearance rate to the size of a phytoplankton aggregate: ½ oc Rh oc j•. Accordingly, the following expression applies for the clearance rate of j-mers:
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where ½• is the clearance rate of a single phytoplankton particle and the exponent a determines how the hydrodynamic radius varies with the number of constituent particles (see (9) and (10)). The magnitude of ½• depends on the physical feeding mechanisms employed by the zooplankton under consideration. The size, swimming speed, and number of cilia, fla-gella, and pseudopodia will determine the volume of water processed by the zooplankton [Kiefer and Berwald, 1992] . Examples of clearance rates of zooplankton for different size phytoplankton can be found in, or extrapolated from, the studies by Frost [1972] , Monger and Landry [1991] , and Gonzalez et al. [1990] . In formulating a mathematical expression for grazing, we have assumed that (1) the zooplankton present are passive feeders that encounter food by direct interception, (2) the nutritional value attributed to the phytoplankton is high, and (3) the clearance rate increases linearly with the aggregate's hydrodynamic radius. With respect to the last assumption, it has been found that for any individual zooplankton species there is a limited range of food sizes for which the clearance rate increases with prey size [Kiefer and Berwald, 1992] . For food particles that are too small or too large, it is difficult for an individual zooplankton to handle the prey because of physical constraints. Hence the relationship employed here should be regarded as a first approximation of a complex phenomenon that is only partially understood at the present time [Hansen et al., 1997] .
The concentration of grazers G in the water column varies seasonally, daily, regionally, and with depth [Raymont, 1963b] . This spatiotemporal variability in zooplankton concentration is controlled by many factors, including primary production rates, presence of predators, nutrient availability, and sunlight intensity [Raymont, 1963c] . Diel migration of zooplankton affects the vertical distribution of most zooplankton [Raymont, 1963d] . After sunset, some species of zooplankton migrate to the surface layers to feed when there is little danger of being seen by a predator. During daylight hours the zooplankton retreat to greater depths. In this study, we do not explicitly take Table 1 ).
Although the values of the parameters • and/z for orthokinetic coagulation do not exactly match the values for the kernel employed in this study, the basic mathematical properties of both kernels are the same; that is, interactions between clusters of the same size increase with size, and coagulation occurs predominately between clusters of the same size. The choice of the constant K• would ultimately determine whether the ker-nel employed in this study approximates RLA or orthokinetic coagulation (see Table 1 ).
The mathematical solutions for the particle size distribution, total particle size, and volume fraction are derived in the appendix and given as follows: 
Model Predictions

Predictions for No and N•
Grant et al. [1996] showed that when particles undergo steady state coagulation and settling, the aggregate size distribution predicted by the GDE develops a shape that is invariant with depth (i.e., "self-similar") and independent of the particle concentration at z -0 (i.e., "universal"). In this case, the aggregate size distribution can be written in the following fac- Table 1 ).
CWe assume every collision between phytoplankton results in a sticking event.
dDiameter of A. anophagefferens reported by Smayda and Villareal What does the model tell us about the likelihood that power laws for No and N1 will occur in ocean or lakes systems? To address this question we, (1) compiled estimates for each of the model parameters assuming either bloom or nonbloom conditions (see Table 2 ), (2) assumed that the collision frequency function can be estimated from the rectilinear formulation of the shear kernel (see Table 1 ), (3) assumed that the zooplankton are distributed exponentially with depth with •i = 100 m, and (4) assumed that the maximum number of grazers found during bloom conditions is an order of magnitude less than that for nonbloom conditions. The last assumption is based on the hypothesis that decreased grazer numbers gives rise to a phytoplankton bloom [Turner and Tester, 1997] .
Given the above assumptions, values for the power law exponents 7 and e were calculated using (20b) and (20c) for both bloom and nonbloom conditions and plotted against depth in Figure 5 . For the bloom condition (Figure 5b) , the model predicts that No and N1 achieve power law status within <100 Figure 6b ), provided that 2 -> 100. Hence the primary assumption underlying the similarity theory discussed in the previous section; namely, the aggregate size distributions adopt a self-similar form, is satisfied in this case. In Figure 6c we have plotted the aggregate size distribution predicted by our solutions for the case where grazers are exponentially distributed in the water column and
•o = 10-2 and • = 5 x 102. Comparing Figures 6a and 6c, we find that grazers influence the aggregate size distributions in two ways, by (1) depleting the large end of the phytoplankton size spectra for depths below 2 = 100, and (2) elevating the concentration of phytoplankton aggregates at the small end of the size spectrum for 2 -1000. This last result is somewhat counterintuitive but follows from the fact that grazers reduce the overall number of phytoplankton in the size distribution and therefore the transfer of small aggregates to the large end of the size spectrum by coagulation occurs at a slower rate. When these aggregate size distributions are rescaled according to similarity theory (Figure 6d ), they also collapse onto (28c) (line in Figure 6d mineralization of phytoplankton by bacterial degradation; this process may play a major role in determining how the planktonic carbon is partitioned in the aquatic community [Landry, 1992] .
Conclusions
Much progress has been made over the years in elucidating the individual processes that affect phytoplankton concentrations in natural aquatic systems. In this study, we investigated the combined effect these processes have on phytoplankton distributions by directly solving the GDE that describes their coagulation, sedimentation, and removal by zooplankton grazing.
In solving this GDE, it was necessary to make several simplifying assumptions, which limit the solution's applicability to natural systems. One of the potentially restrictive assumptions is that the particle size distribution maintains a steady state throughout the water column. In practice, both the phytoplankton distributions and the zooplankton profiles will fluctuate on diel and seasonal timescales. However, our solutions may still apply if the timescale associated with the relaxation of the particle size distributions to their steady state condition is sufficiently short, and the total concentration of grazers at the surface (No(z = 0)) and grazer distribution (G(z)) vary slowly with time. Further research is needed to determine if these "quasi-steady state" conditions are likely to prevail in natural systems. We also assume that single phytoplankton particles flux from the mixed layer at a constant rate. In reality, aggregation occurs in the mixed layer and aggregates may flux from this region as well. However, because of the universality of coagulation and sedimentation, the particle size distributions that develop at depth should have no memory of the aggregation state of phytoplankton near the surface.
When zooplankton concentrations are low, our solution to the GDE can be described using the language of dynamic scaling theory. Namely, the aggregate size distribution develops a shape that is self-similar and universal, and the total particle concentration No and the particle volume fraction N• decay like power laws of depth. The power law exponents can be directly related to the physical and chemical processes responsible for coagulation and sedimentation. When grazers are present in the water column at high concentrations, the phytoplankton size distributions are still self-similar, but No and N• decay exponentially with depth. From a practical point of view these results suggest a simple methodology for distinguishing between systems that are dominated by coagulation and sedimentation on the one hand and zooplankton grazing on the other hand. In the former case, No and N• should decay like power laws of depth with exponents that are within the bounds dictated by similarity theory (see (25a) and (25b)), while in the latter case, both moments should decay exponentially with depth.
Our model also provides a conceptual framework for determining whether phytoplankton settling out of the mixed layer are consumed by zooplankton or escape to the benthos. The partitioning of phytoplankton between these two pathways is determined •by the magnitude of a single dimensionless number 0o x 8, which represents the ratio of timescales for sedimentation and for grazing. When Go x 8 is computed for oceans, we find that its magnitude is in the range where small changes in the values of key system variables (like the concentraticm eft phytoplankton at the surface) have a significant influence on the fraction of phytoplankton partitioned between these two pathways.
